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Highlights

• Semi-analytical modeling is developed for waves in metamaterials with defects

• Applies to metamaterials with dispersion relations only available numerically

• Computational efficiency of our model enables its use in inverse problems

• Inverse design of defects in a metamaterial is demonstrated for wave guiding
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Abstract

This work presents a semi-analytical multiple scattering formulation for elastic waves in
periodic media with defects. We model the scattering of Bloch waves interacting with defects
of arbitrary styrength that are on a length scale much smaller than relevant wavelengths.
The basis for the proposed framework is the far-field asymptotic approximation of the lattice
Green’s function represented in terms of Bloch eigenfunctions. Thus, it is applicable to any
periodic material whose dispersion relations and corresponding mode shapes are available
either analytically or numerically. The local perturbation method is used to resolve the
singularity in the far-field lattice Green’s function, enabling the derivation of a tractable
multiple scattering system. Examples are presented showing agreement between the scatter-
ing model and high-fidelity transient simulations in the context of a mass-spring network and
a beam-based metamaterial. The proposed modeling framework is computationally efficient,
opening the door to inverse problems such as the design of defects for wave manipulation.
We present the inverse design of a set of defects embedded in a periodic metamaterial for
wave guiding, demonstrating that our scattering model is an effective tool for exploring the
vast design space of defect engineering in metamaterials.
Keywords : metamaterial, multiple scattering, Bloch wave, lattice Green’s function, elasticity,
inverse design

                  



1. Introduction

Metamaterials exhibit microstructures that are engineered to achieve effective properties
out of reach of natural materials. While idealized periodic architectures are often stud-
ied, understanding the role of defects is crucial for the application of metamaterials. On
the one hand, the inevitable presence of manufacturing defects and damage has a strong
impact on the actual effective properties of metamaterials [1]. On the other hand, purpose-
ful introduction of defects offers an opportunity to expand the metamaterial design space,
promising novel functionalities. Thus, the modeling of defects is critical for both charac-
terization and design of metamaterial architectures. This work presents a semi-analytical
modeling framework that captures elastic wave scattering in lattices with defects, providing
a computationally efficient tool for simulating defective metamaterials.

Efficient modeling is the foundation for effective characterization and design of meta-
materials. However, the multiscale nature of metamaterials introduces a computational
bottleneck. While perfectly periodic architectures benefit from Bloch’s theorem that enables
a single unit cell to be representative of an entire lattice [2], any deviation from periodicity
(e.g., due to defects) significantly complicates computations. High-fidelity simulations, for
example, based on transient finite element (FE) analysis, are reliable but inefficient due to
the short length and time scales that must be resolved. Therefore, approximations that
lead to efficient modeling are crucial, especially when pursuing inverse problems that require
repeated evaluation of a forward model. To this end, we develop efficient semi-analytical
modeling of elastic wave scattering due to defects in a lattice.

The study of defects in lattices has a rich history, tracing back to the theoretical models
of defective atomic lattices in [3, 4, 5, 6, 7] among others. Defective lattice dynamics is
typically studied from two perspectives. The first is near the defect, where localized modes
in the neighborhood of the defect can support frequencies otherwise forbidden by the perfect
lattice (i.e., within the bandgaps of the perfect lattice). The second regime captures the
far-field dynamics away from the defect, concerning the scattering of an incident wave due
to a defect (i.e., within the pass-bands of the perfect lattice). This paper focuses on the
second regime, studying the far-field scattering of an incident wave due to defects, which is
motivated by engineering problems such as damage detection and waveguide design.

In the context of mechanical waves, the dynamics of defective lattices has been studied
in the setting of both localized modes and far-field scattering. Localized vibrations in the
stop-band of the perfect lattice are investigated in the works of [8, 9, 10, 11, 12]. In the far-
field setting, the study of elastic wave scattering has focused on simple discrete architectures
with analytical dispersion relations [13, 14]. However, physically realizable metamaterial
architectures typically exhibit complicated dispersion relations that must be numerically
computed.

This paper develops a far-field scattering model for defective metamaterials that applies
generally as long as the dispersion relations and corresponding mode shapes of the defect-free
lattice are numerically available. Thus, it applies to a wide range of metamaterials whose
dispersion relations are computable, for example, from a finite element model of a unit cell.
In terms of the Bloch modes of the perfect lattice, our model captures how an incident wave
is scattered due to localized defects taking the form of density perturbations.

The basis for the proposed scattering model is the lattice Green’s function, which de-
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scribes the response of a periodic lattice to a harmonic point excitation. While there is
no general analytical solution for the lattice Green’s function, its far-field asymptotics are
attainable [15], enabling the analysis of scattering. We use Langley’s approach for obtaining
the far-field lattice Green’s function in terms of a Bloch eigenmode expansion [16], which is
applicable generally as long as dispersion relations and corresponding mode shapes are nu-
merically available. However, the far-field lattice Green’s function is singular at the origin,
which poses a challenge for the analysis of point scatterers [17]. To circumvent this singu-
larity, we employ the so-called local perturbation method [17, 18]. The local perturbation
method assumes defects of finite size on a length scale much smaller than wavelengths of
interest, and is valid for defects of arbitrary strength.

Two key features of our scattering model are its ability to capture strong defects and that
it considers a periodic architecture, rather than a homogeneous solid, as the “background"
material. Common scattering approximations often assume weak perturbations, such as the
Born and Rytov approximations [19]. Alternatively, we consider potentially high-amplitude
defects on a shorter length scale than the relevant wavelengths (i.e., restricting the length
scale of a defect instead of its magnitude) – a setting that has enabled efficient and ac-
curate multiple scattering analysis for one-dimensional elastic systems [20]. Specifically,
we adopt the local perturbation method, which allows for arbitrary strength defects while
regularizing the singular far-field lattice Green’s function to enable a semi-analytical scat-
tering framework. Additionally, while multiple scattering methods have been used to study
metamaterials consisting of arrangements of scatterers attached to a homogeneous material
[21, 22, 23], our approach considers scatterers embedded in a periodic material, enabling
the analysis of a wide range of metamaterial architectures. We demonstrate our scattering
model on a simple mass-spring network as well as a beam-based metamaterial, which agrees
closely with high-fidelity transient simulations.

The proposed scattering model provides an alternative to high-fidelity modeling of wave
scattering in defective metamaterials. As a semi-analytical modeling framework, it offers
both the versatility to model metamaterials with arbitrary unit cells (defined by an FE
model) and the efficiency to be used in inverse problems. For proof of concept, we demon-
strate the inverse design of a set of defects embedded in a metamaterial to beam the wave
emanating from a point source along one direction. Overall, the proposed model provides
a foundation for pursuing challenging inverse problems from uncovering novel metamaterial
functionalities through defect engineering to damage detection in metamaterials.

2. Preliminaries

We begin with an overview of wave motion in periodic elastic media, upon which a
scattering model is built in subsequent sections.

2.1. Elastic waves in a periodic material
Consider small-amplitude elastic waves in a continuum, governed by the elastodynamic

equation

∂

∂xj

(
Cijkl

∂uk
∂xl

)
+ fi = ρüi (1)
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where u(x, t) ∈ B × R → Rd is the displacement vector, which is a function of spatial
coordinate x ∈ B and time t, defined for a body B ⊂ Rd in d-dimensional space, and
f(x, t) ∈ B × R → Rd is a body force. The density ρ(x) and elasticity tensor C(x) are
periodic with unit cell Ω. Einstein’s summation convention is used throughout this paper.
Assuming time-harmonic forcing f(x, t) = F (x)e−iωt and displacement u(x, t) = U(x)e−iωt

with frequency ω yields the time-harmonic elastodynamic equation

∂

∂xj

(
Cijkl

∂Uk

∂xl

)
+ ρω2Ui = −Fi. (2)

Due to the periodicity of the material properties, we seek Bloch wave solutions of the
form

U = Ũeik·x (3)

where Ũ(x) is a Ω-periodic complex amplitude, and a real wave vector k ∈ Rd is considered.
Seeking solutions of this form, the elastodynamic equation becomes

LB[Ũ ] + ω2ρŨ = −F (4)

where the Bloch operator LB takes the form [24, 25]

LB
i [Ũ ] =

∂Cijkl

∂xj

(
∂

∂xl
+ ikl

)
Ũk + Cijkl

(
∂2

∂xl∂xj
+ ikj

∂

∂xl
+ ikl

∂

∂xj
− klkj

)
Ũk. (5)

To obtain the dispersion relations of a periodic material, an eigenvalue problem is defined
considering Eq. (4) over a unit cell in the absence of forcing. Typically, it cannot be solved
analytically and numerical methods are employed to solve for the Bloch modes [26, 27].

For a given wave vector, mode j consists of the eigenfrequency ωj(k) and the eigenfunction
ψj(x,k) : Ω × Rd → Cd, which corresponds to the mode shapes of the unit cell. The
eigenfunctions are orthogonal with respect to the weighted inner product

⟨ψi,ψj⟩ =
∫

Ω

ρψ∗
iψj dx (6)

and are defined to be mass-normalized such that

⟨ψi,ψj⟩ = δij. (7)

Here, ()∗ represents the complex conjugate and δij is the Kronecker delta. Mass normalization
of mode shapes simplifies in the definition of the lattice Green’s function in Section 2.2.

Given the Bloch eigenmodes, a general function may be expressed using an eigenfunction
expansion. For a function h(x), its Bloch expansion [28] takes the form

h(x) = |Ωk|−1

∫

Ωk

∞∑

j=1

αj(k)ψj(x,k)e
ik·xdk (8)

where αj ∈ C represents the modal amplitude of eigenfunction ψj(x,k), Ωk represents the
first Brillouin zone, and |Ωk| is the volume of the first Brillouin zone. Note that |Ωk| =
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(2π)d/|Ω|, where |Ω| is the volume of a unit cell in physical space. Due to the periodicity
of the dispersion relations in k-space, the Bloch expansion only needs to include modes in
the first Brillouin zone, hence the integration over Ωk in Eq. (8). The modal amplitudes of
Eq. (8) may be written in terms of the given function h(x), taking the form

αj(k) =

∫

Rd

ρ(x)h(x)e−ik·xψ∗
j (x,k)dx. (9)

The relation of the Bloch expansion to the plane wave expansion is discussed in [29]. Lever-
aging the Bloch expansion, a convenient form of the elastodynamic Green’s function for a
periodic lattice is obtained in the following.

2.2. Lattice Green’s function
The lattice Green’s function captures the response of a periodic medium to a point har-

monic forcing. Development of lattice Green’s functions originally stems from the study
of atomic lattices [3, 4, 30, 31]. Subsequently, extensions to mechanical waves have demon-
strated lattice Green’s functions as a tool for modeling dynamics of structural lattices [16, 32].
An analogous treatment of the lattice Green’s function via Bloch expansions in photonics is
presented in [33].

For elastic waves in a periodic material, the lattice Green’s function Gn(x− x0, ω) rep-
resents the solution to Eq. (2) with a harmonic point force at point x0 along direction en,
where n = 1, 2, or 3 is the index of the axis along which the point force is aligned. Thus,
the Green’s function satisfies

∂

∂xj

(
Cijkl

∂Gnk

∂xl

)
+ ρω2Gni = −δ(x− x0)eni (10)

where δ(x − x0) is the Dirac delta function. To simplify notation, we omit the explicit
ω-dependence of the Green’s function in the remainder of our formulations. In terms of
the Green’s function, the displacement amplitude U due to an arbitrary forcing F is given
by [34]

Un(x) =

∫

Rd

Gni(x− x′)Fi(x
′)dx′. (11)

To obtain a useful form of the Green’s function, we leverage the Bloch expansion. Writing
Gn as an expansion of Bloch eigenfunctions yields

Gn(x) = |Ωk|−1

∫

Ωk

G̃ne
ik·xdk (12)

where

G̃n(x,k) =
∞∑

j=1

αj(k)ψj(x,k). (13)
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What remains is to obtain the coefficients αj. To this end, we define a Bloch expansion to
capture the forcing term as

ρ−1(x)δ(x− x0)en = |Ωk|−1

∫

Ωk

F̃ eik·xdk. (14)

Upon denoting ψj0 = ψj(x0,k) as the mode shape evaluated at the excitation point, F̃ may
be written as

F̃ (x,k) =
∞∑

j=1

(ψ∗
j0en)ψje

−ik·x0 . (15)

To arrive at Eq. (15), we have leveraged Eq. (9) and the sifting property of the delta function.
Using Eqs. (12) and (14) together with the linearity of Eq. (10) leads to

LB[G̃n] + ω2ρG̃n = −ρF̃ . (16)

Inserting Eqs. (13) and (15) in Eq. (16) yields

∞∑

j=1

ραjψj(ω
2 − ω2

j ) = −
∞∑

j=1

ρψ∗
j0enψje

−ik·x0 . (17)

After multiplying each side of Eq. (17) by ψk, integrating over a unit cell, and applying the
orthogonality condition of Eq. (7), we obtain an expression for the coefficients

αj =
ψ∗

j0ene
−ik·x0

ω2
j − ω2

. (18)

With coefficients αj in hand, from Eqs. (12) and (13) the Bloch expansion representation of
the lattice Green’s function takes the form

Gn(x− x0) =
|Ω|
(2π)d

∫

Ωk

∞∑

j=1

(ψ∗
j0en)ψje

ik·(x−x0)

ω2
j − ω2

dk. (19)

Eq. (19) represents the exact form of the lattice Green’s function. Typically this integral
form cannot be analytically evaluated. However, asymptotic analysis provides a platform
for understanding its near- and far-field behavior. Generally, one can investigate the local
“defect modes" arising near the defect that are outside of the spectrum of the perfect lattice
[8] or the far-field behavior of how the perfect lattice modes are scattered by the defect [4, 16].
In this paper, we investigate the latter case concerning frequency ω within a pass-band of
the perfect lattice, such that a pole is present in Eq. (19). While not considered here, we also
note that asymptotic evaluation of the wave field, in both the near- and far-field regimes, is
also possible when the excitation distribution is localized in the wave vector space [29].
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2.3. Far-field asymptotics of the 2D lattice Green’s function
Considering the case when the excitation frequency lies in a pass-band, the lattice Green’s

function integral of Eq. (19) may be evaluated asymptotically in the far-field limit using con-
tour integration. Specifically, Lighthill [35] derived the far-field asymptotics of this form of
integral by combining the residue theorem with the method of stationary phase, for both the
two- and three-dimensional cases. In this work, we consider two-dimensional examples, so
we limit our presentation of the far-field lattice Green’s function to the two-dimensional
case. However, Lighthill’s original integration formulation for the 3D case is presented
in [36], which was used in early derivations for the far-field Green’s function in homoge-
neous anisotropic elastic solids [37].

To evaluate Eq. (19) in the far-field limit, we follow the integration scheme for the 2D case
presented in Chapter 4 of [35], which is further discussed in the structural mechanics setting
by Langley [16]. The resulting far-field asymptotic form of the lattice Green’s function is

Gn(x− x0) =
i|Ω|(ψ∗

0en)ψ

2ω
√
2π|Z|

e−iπ
4
sgn(Z)eik·(x−x0). (20)

In Eq. (20), the contribution of a single mode is considered and we omit the summation over
modes and subscripts on ω and ψ. If multiple dispersion branches present at the forcing
frequency, their contributions should be summed. The quantity Z is defined as

Z =
∂2ω

∂k21

∂ω

∂k2
(x2 − x02)−

∂2ω

∂k1∂k2

(
∂ω

∂k1
(x2 − x02) +

∂ω

∂k2
(x1 − x01)

)
+
∂2ω

∂k22

∂ω

∂k1
(x1 − x01),

(21)

capturing the curvature of the dispersion surface. All quantities dependent on k in Eqs. (20)
and (21) must be evaluated at a stationary point, which results from using the stationary
phase method in the approximation of the integral of Eq. (19). Wave vector k corresponds
to a stationary point if the group velocity V = ∂ω

∂k
evaluated at k is parallel to the vector

x−x0; see [16] for further discussion. Stationary points can be determined by solving for k
that satisfies

V1(x2 − x02)− V2(x1 − x01) = 0, (22)

so that the group velocity vector V (k) is aligned with the position vector. If there are multi-
ple stationary points, which may occur if the isofrequency contour of the dispersion surface is
non-convex, Gn is obtained by summing the evaluation of Eq. (20) over all stationary points.
Without loss of generality, we focus on the case where there is only a single stationary point
to simplify notation. Finally, we note that the far-field lattice Green’s function of Eq. (20)
is singular at x = x0 since Z becomes zero at that point, which warrants special treatment
for use of the Green’s function in the analysis of scattering.

3. Scattering due to a single defect

Based on the far-field lattice Green’s function, we develop a framework for modeling elas-
tic wave scattering due to defects. We consider defects that consist of density perturbations
in a localized region defined by a length scale much smaller than the wavelengths of interest.
To start, we develop the simplest case where only a single defect is present.
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3.1. Problem setup
Consider modification of the density function of the periodic material such that the time-

harmonic elastodynamic equation becomes

∂

∂xj

(
Cijkl

∂Uk

∂xl

)
+ ω2

(
ρ(x) + ρ̂(x)

)
Ui = −Fi(x). (23)

The function ρ̂(x) represents a density perturbation to the otherwise perfect lattice with
periodic density ρ(x) and periodic elasticity tensor C(x). The term containing the pertur-
bation may be interpreted as an additional forcing term, which allows for the solution to be
expressed in terms of the Green’s function, following Eq. (11). Thus, the solution for the
scattered wave field in terms of the Green’s function takes the form

Un(x) =

∫

Rd

Gni(x− x′)Fi(x
′)dx′ + ω2

∫

Rd

Gni(x− x′)ρ̂(x′)Ui(x
′)dx′. (24)

At this point, we introduce simplifications to the problem setting, which are illustrated in
Fig. 1a. Specifically, we consider an architected material that is periodic in two dimensions
(in the x1x2-plane in Fig. 1a), so that the lattice Green’s function of Eq. (20) is applicable.
We further consider a point excitation in the x3-direction, such that F (x) = Fδ(x− x0)e3,
and assume that out-of-plane deformations are de-coupled from in-plane deformations. This
provides a simplification to the scattering problem since it results in scalar waves in the
out-of-plane displacement field. This setting occurs, for example, in planar beam lattices
where in- and out-of-plane modes are decoupled for the lower bands [38, 39]. We focus
our formulations and examples in the remainder of the paper to this setting to simplify
the resulting equations while maintaining a realistic problem setting that is experimentally
feasible [40, 39]. For completeness, the general case of single scattering of vector-valued
elastic waves is developed in Appendix A.

Assuming an out-of-plane point excitation that only excites out-of-plane waves, Eq. (24)
simplifies to

U3(x) = G33(x− x0)F + ω2

∫

Rd

G33(x− x′)ρ̂(x′)U3(x
′)dx′, (25)

which relates the out-of-plane displacement amplitude U3 to the G33 component of the
Green’s function. Since the unknown displacement U3 appears inside the second integral

F

e1

e2

e3

defect

F

e1

e2

e3

defects

(a) (b)

x 0

x s

x 0

x q

Figure 1: A planar beam lattice with defects that is subject to an out-of-plane point excitation. (a) Single
defect case. (b) Multiple defects case. The orange regions represent density perturbation defects.
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on the right-hand side, this is a nontrivial equation to solve. Unfortunately, the singularity
at the origin in the far-field lattice Green’s function of Eq. (20) does not allow consideration
of a point defect at xs of the form ρ̂ = m̂δ(x−xs) (where m̂ is a constant equal to the total
mass of the defect). To resolve the scattering system for a point defect requires evaluation
of G33(0), which tends to infinity and prevents a straightforward scattering formulation [17].

We must turn to assumptions to resolve the singularity in the far-field lattice Green’s
function in order to solve the scattering problem. One approach is to regularize the Green’s
function by effectively filtering out short wavelengths, as discussed in [41] in the context of
Maxwell’s equations. However, there is not a unique way to impose a cutoff wavelength,
making it difficult to attach physical meaning to such an approach. Alternatively, we adopt
the so-called local perturbation method, which introduces physical arguments to circumvent
the Green’s function singularity [18]. See [17] for further discussion of point scatterer approx-
imations in the context of singular Green’s functions. Additional approaches for resolving
Green’s function singularities in scattering problems include matched asymptotic expansions
[42] and, in some cases, cancellation of the singularity [43].

3.2. Local perturbation method for a single defect
The local perturbation method assumes a finite sized defect on a length scale much

smaller than the wavelength of interest. This method traces back to the work of Lifshitz
[3, 4] in the context of atomic lattices and was further developed by Bass and coworkers
[18, 44, 45]. Assigning a finite size to the defect allows for the Green’s function singularity to
be resolved, and the assumption that the defect length scale is smaller than the wavelength
leads to a tractable solution to the scattering problem. Strikingly, there is no restriction on
the strength of the defect. Furthermore, in our setting of periodic lattices with defects, there
is no restriction on the length scale of the unit cell; long or short wavelengths with respect
to the unit cell may be considered as long as the defect is much smaller than the wavelength.

In the local perturbation method, the defect is assumed to span a small but finite region
of space, i.e., the support of the density perturbation function ρ̂(x) is small relative to the
wavelength. This assumption corresponds to the assertion that the displacement field inside
the defect is independent of the coordinates inside the defect. For a defect located in the
vicinity of point xs, this corresponds to the approximation

ρ̂(x)U (x) ≈ ρ̂(x)U(xs). (26)

The local perturbation method assumption of Eq. (26) leads to a key simplification of
Eq. (25), which becomes

U3(x) = G33(x− x0)F + ω2U3(xs)

∫

Rd

G33(x− x′)ρ̂(x′)dx′. (27)

Evaluating Eq. (27) at x = xs and solving for U3(xs) yields

U3(xs) =
G33(xs − x0)F

1− ω2
∫
Rd G33(xs − x′)ρ̂(x′)dx′ . (28)

10

                  



What remains is the evaluation of the integral appearing in the denominator, which we
denote I, such that

I = ω2

∫

Rd

G33(xs − x′)ρ̂(x′)dx′. (29)

The integrand of I has a singularity at x′ = xs, but it is integrable on a finite domain.
Performing this integration accounts for the shape of the defect. Practical aspects of defining
this shape are discussed in the context of the examples in Section 5. For a given defect shape,
evaluation of I is presented in Appendix B.

Once I is evaluated, the amplitude of the scattered displacement field is obtained via

U3(x) = G33(x− x0)F +

[
G33(xs − x0)F

1− I

]
ω2

∫

Rd

G33(x− x′)ρ̂(x′)dx′. (30)

The local perturbation assumption may be applied again, this time with the Green’s function
G33 in place of U in Eq. (26). This is a reasonable assumption away from the singularity of
the Green’s function, i.e., as long as x is evaluated away from xs in Eq. (30). As a result,
Eq. (30) simplifies to

U3(x) = G33(x− x0)F +

[
G33(xs − x0)F

1− I

]
ω2

∫

Rd

ρ̂(x′)dx′G33(x− xs). (31)

The overall mass m̂ of the perturbation corresponds to the integral of the perturbation
density, given by

m̂ =

∫

Rd

ρ̂(x′)dx′. (32)

Finally, the scattered displacement amplitude is

U3(x) = G33(x− x0)F +

[
G33(xs − x0)F

1− I

]
ω2m̂G33(x− xs). (33)

Eq. (33) provides direct means of evaluating the out-of-plane displacement field once the
lattice Green’s function and the integral I are known, which is valid away from the excitation
point x0 and the defect location xs.

4. Multiple scattering

We now extend the local perturbation scattering analysis to accommodate Ns different
localized defects at different points throughout the lattice, with the density perturbation
corresponding to defect q denoted by ρ̂q(x). This leads to a governing time-harmonic elas-
todynamic equation of the form

∂

∂xj

(
Cijkl

∂Uk

∂xl

)
+ ω2

(
ρ(x) +

Ns∑

q=1

ρ̂q(x)

)
Ui = −Fi(x). (34)
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Following Eq. (11), upon interpreting the density perturbation terms as forcing, the solution
may be expressed in terms of the Green’s function as

Un(x) =

∫

Rd

Gni(x− x′)Fi(x
′)dx′ + ω2

Ns∑

q=1

∫

Rd

Gni(x− x′)Ui(x
′)ρ̂q(x

′)dx′. (35)

Eq. (35) holds for the general 3D case with arbitrary forcing. A simplified problem setting is
again considered, consisting of a lattice periodic in two dimensions subject to an out-of-plane
point force F (x) = Fδ(x − x0)e3, as illustrated in Fig. 1b. We also assume that out-of-
plane modes are decoupled from in-plane modes, as we did for the single scatterer case in
Section 3.1. The resulting solution for the out-of-plane displacement simplifies to

U3(x) = G33(x− x0)F + ω2

Ns∑

q=1

∫

Rd

G33(x− x′)U3(x
′)ρ̂q(x

′)dx′. (36)

Here, the overall scattered field U3 appears on the right-hand side of Eq. (36), which captures
the coupling between defects. However, one cannot directly solve Eq. (36) for U3, so we
must employ an approximation to obtain a tractable solution. One common approximation
is the first Born approximation [46], where U3(x

′) inside the integral of Eq. (36) is replaced
with the incident field (in this case, the incident field would be G33(x − x0)F ). The first
Born approximation thus assumes small amplitude defects and weak scattering, eliminating
coupling between defects. We do not adopt the Born approximation in this work. Instead,
to evaluate the integral in Eq. (36), we turn to the local perturbation method. The local
perturbation method assumes that the defects are on a length scale much shorter than
the wavelength, which allows for a tractable solution to Eq. (36) while preserving coupling
between defects, and hence multiple scattering.

4.1. Local perturbation method for multiple scattering
Following a similar approach to the single scatterer case of Section 3.2, the local per-

turbation method is employed to resolve the integral in Eq. (36). Each of the defects is
assumed to occupy a small region with respect to the wavelength such that Eq. (26) holds
at the location of each defect.

Evaluating Eq. (36) at xi, the location of defect i, leads to

U3(xi) =G33(xi − x0)F + ω2U3(xi)

∫

Rd

G33(xi − x′)ρ̂i(x
′)dx′

+ ω2

Ns∑

q=1
q ̸=i

∫

Rd

G33(xi − x′)U3(x
′)ρ̂q(x

′)dx′.
(37)

Here, we have applied the local perturbation assumption of Eq. (26) to the isolated i = q term
to bring U3(xi) out of the integral. We define the local perturbation integral corresponding
to defect i as

Ii = ω2

∫

Rd

G33(xi − x′)ρ̂i(x
′)dx′, (38)
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which is evaluated in Appendix B. The q ̸= i terms in Eq. (37) involve evaluation of the
Green’s function away from its singularity, where the defect may be treated as a point defect
without issues due to the Green’s function singularity, such that ρ̂q(x′) = m̂qδ(x

′ − xq). It
follows that Eq. (37) simplifies to

U3(xi) = G33(xi − x0)F + U3(xi)Ii + ω2

Ns∑

q=1
q ̸=i

m̂qU3(xq)G33(xi − xq), (39)

which can be recast in matrix form as



(1− I1) −ω2m̂2G(x1 − x2) −ω2m̂3G(x1 − x3) . . .
−ω2m̂1G(x2 − x1) (1− I2) −ω2m̂3G(x2 − x3) . . .
−ω2m̂1G(x3 − x1) −ω2m̂2G(x3 − x2) (1− I3) . . .

...
...

... . . .







U3(x1)
U3(x2)

...
U3(xNs)


 (40)

= F




G33(x1 − x0)
G33(x2 − x0)

...
G33(xNs − x0)


 .

Upon solving this system for the unknown displacements amplitudes U3(xi), the multiple
scattering solution takes the form

U3(x) = G33(x− x0)F + ω2

Ns∑

i=1

U3(xi)m̂iG33(x− xi), (41)

which is valid when evaluated away from defect locations xi and the excitation location x0.
This provides a framework for efficiently computing the scattered wave field, incorporating
the interactions between the Ns localized defects. We note that the linear system of Eq. (40)
captures coupling between defects through its off-diagonal terms. Thus, multiple scattering
effects are captured in the overall scattered displacement field computed in Eq. (41) through
the displacements at the defect locations, U3(xi), which is the solution to the linear system
of Eq. (40).

4.2. Numerical implementation procedure
The formulations above enable efficient computation of the scattered elastic wave field in a

periodic lattice with localized defects. An illustration of the resulting wave field computation
framework is shown in Fig. 2, which is presented in the context of the multiple scattering
case.

The process begins with the computation of dispersion relations for a periodic lattice
without defects. Among the multiple approaches for dispersion relation computation [26],
we utilize finite element analysis of a unit cell subject to Bloch boundary conditions. Based
on the dispersion relations and corresponding mode shapes, Eq. (20) is evaluated to obtain
the far-field lattice Green’s function.
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Figure 2: Pipeline for elastic wave field computation in a periodic lattice with localized defects.

With the lattice Green’s function in hand, the defective lattice is analyzed. The first
step is to evaluate the local perturbation integral of Eq. (38), following the procedure of
Appendix B. Then, the multiple scattering system of Eq. (40) is constructed and solved for
the displacements at the defect locations. Finally, the wave field at a given location follows
from evaluating Eq. (41).

5. Forward modeling examples

To demonstrate the proposed scattering model, we present examples in the context of
two architectures. The first is a mass-spring network, which provides a toy problem with
an analytical dispersion relation. The second is a metamaterial with unit cells comprised
of slender segments of elastic material, which are modeled as beams. For the beam-based
metamaterial, dispersion relations are not analytically available and must be numerically
computed, for which we use a finite element model of a unit cell. Based on the computed
Bloch modes, the proposed scattering analysis is demonstrated.

5.1. Mass-spring network
We first exemplify the scattering model on a simple mass-spring network. Consider an

infinite two-dimensional square lattice with spacing a consisting of particles connected by
springs, as shown in Fig. 3a. Each mass has a single degree of freedom, the out-of-plane
displacement u. All springs have stiffness K and all particles have mass m (except for the
defective masses specified in the subsequent examples). The spring forces are proportional to
the relative out-of-plane displacements of adjacent masses. This provides a simple setting for
studying Bloch waves in a two-dimensional lattice and has been used in, e.g., [16] and [26].

The equation of motion for mass (i, j) is

müi,j + 4Kui,j −K(ui−1,j + ui+1,j)−K(ui,j−1 + ui,j+1) = 0. (42)
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Figure 3: (a) Mass-spring network definition. (b) Dispersion relation. (c) Far-field lattice Green’s function
amplitude for ω = 1.75ω0.

Dispersion relations corresponding to this equation of motion are available analytically, tak-
ing the form [26]

ω(k) = ω0

√
2[2− cos(ak1)− cos(ak2)] (43)

where ω0 ≡
√
K/m. Fig. 3b shows a plot of the dispersion surface over the first Brillouin

zone.
Given the dispersion relation, the far-field lattice Green’s function follows from Eq. (20).

For this example, the only relevant component of the Green’s function is G33, capturing
the out-of-plane response to out-of-plane excitation. Fig. 3c shows the amplitude of G33

corresponding to the frequency ω = 1.75ω0. Note that G33 is singular at the origin, which is
why the value of |G33| at the origin is omitted in Fig. 3c.

5.1.1. Single defect
In the first example, a single defect is considered in an otherwise periodic mass spring

network. The defective particle exhibits an added mass of m̂ = 5m (such that its overall mass
is 6m) and has position xs = (5a, 5a). Harmonic forcing of unit magnitude and frequency
ω = 1.75ω0 is applied to the mass at point x0 = (0, 0). The corresponding mass-spring
network is visualized in Fig. 4a.

To provide a reference solution, a transient simulation is performed by numerically solving
the equations of motion of Eq. (42) on a finite grid of 300× 300 unit cells. The simulation
is terminated before the wave reflects off of the boundary. Fig. 4b plots the maximum
displacement amplitude at each point during the simulation.

The proposed scattering model captures the solution by evaluating Eq. (33). To evaluate
this equation, the quantities G33 and I must be determined. The Green’s function G33

(whose amplitude is shown in Fig. 3c) follows from evaluating Eq. (20) using the dispersion
relations.

What remains is the evaluation of the local perturbation method integral I, which is
discussed in Appendix B. To evaluate I, the shape of the mass perturbation must be de-
fined. In this discrete setting, there is no distinct physical shape associated with the defect.
However, a reasonable choice is to consider the defect to be a circle of diameter a, which
is the smallest length scale associated with the mass-spring network. This choice leads to
accurate results, though for discrete structures without a physically defined defect shape,
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Figure 4: (a) Mass-spring example with a single defect. (b) Maximum displacement amplitude during the
transient simulation. (c) Displacement amplitude from the scattering model. (d) Displacement amplitude
along the x2 = −5a slice of plots (b) and (c).

the local perturbation method lacks a direct physical interpretation and instead acts as a
regularization of the Green’s function singularity.

In Fig. 4c, the displacement amplitude predicted by the scattering model from Eq. (33) is
plotted on a 80a×80a domain. A slice of the displacement amplitude along the line x2 = −5a
is shown in Fig. 4d. While the scattering model agrees closely with the transient simulation
results, discrepancies arise due to two reasons. First, the local perturbation model is an
approximation, and the corresponding assumptions introduce some error. Second, while
the transient simulation has a harmonic forcing, additional frequency content is excited
inherently as the lattice starts from rest. This is in contrast to the scattering model, which
evaluates the response at a specific pure frequency.

For further comparison across different frequencies, an additional transient simulation was
performed with broadband force excitation at the origin in the form of a linear chirp from
ω = 0.1ω0 to ω = 2ω0. The amplitude of the frequency response function U3/F is plotted
in Fig. 5 at three spatial locations, which is compared to the frequency response function
amplitude predicted by the scattering model at the corresponding points. Close agreement is
observed across most frequencies. Even at the location (x1 = 5a, x2 = 4a) in Fig. 5a, which
is one unit away from the defective mass, surprisingly close agreement is observed despite the
fact that the scattering model is built upon far-field assumptions. At all points, increased
discrepancy is observed approaching ω = 2ω0, which corresponds to a caustic, where the
curvature of the isofrequency contour is zero and therefore Z = 0, invalidating the far-field
lattice Green’s function of Eq. (20). See [35, 16] for further discussion of caustics.
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Figure 5: Broadband comparison between the transient simulation and scattering model for the single
scatterer case of Fig. 4a. The frequency response function from both models is plotted at the spatial
locations (a) x1 = 5a, x2 = 4a; (b) x1 = −10a, x2 = 5a; and (c) x1 = 15a, x2 = 15a.

5.1.2. Multiple defects
To demonstrate the multiple scattering case, a second example is presented where three

defects are present. The three defects at locations x1 = (2a, 2a), x2 = (0, 7a), and x3 =
(−2a, 2a) exhibit mass perturbations of m̂/m = −0.5, 10, and 1, respectively. Harmonic
forcing of unit magnitude and frequency ω = 1.5ω0 is applied to the mass at point x0 = (0, 0).
The corresponding mass-spring network is illustrated in Fig. 6a. For comparison, a transient
simulation is performed with the same parameters as in Section 5.1.1, except for the differing
defects. The maximum displacement amplitude at each point in the transient simulation is
shown in Fig. 6b.

The multiple scattering approximation for the displacement amplitude involves first the
evaluation of Eq. (40) to solve for the amplitude at each defect, for which we use the same
defect shape as in Section 5.1.1. Then, the result is inserted into Eq. (41) to evaluate the
displacement amplitude at an arbitrary point. Figure 6c shows the displacement amplitude
from the scattering analysis. Close agreement is evident between the multiple scattering
model and the transient simulation, which is further exemplified by plotting the displace-
ments along the line x2 = −5a in Fig. 6d.

To provide a comparison across frequencies, a broadband transient simulation was per-
formed with the same parameters as discussed in Section 5.1.1. In Fig. 7, the frequency
response function amplitude is plotted for both models at three spatial locations. Again,
close agreement between the multiple scattering model and transient simulation is observed
across frequencies, even in the near-field (Fig. 7a). Near the caustic at ω = 2ω0, the scat-
tering solution loses accuracy as the far-field evaluation of the lattice Green’s function loses
validity.
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Figure 6: (a) Mass-spring example with three defects. (b) Maximum displacement amplitude during the
transient simulation. (c) Displacement amplitude from the scattering model. (d) Displacement amplitude
along the x2 = −5a slice of plots (b) and (c).

5.1.3. Disorder
As the final example involving a mass-spring network, we demonstrate the scattering

model as an efficient tool for modeling disordered metamaterials. A mass-spring network
with 20 perturbations placed randomly within the region 1 ≤ x1/a ≤ 15, 1 ≤ x2/a ≤ 15.
The mass perturbation of each defect is randomly selected from a uniform distribution on
−1 < m̂/m < 2. Harmonic forcing of unit magnitude and frequency ω = ω0 is applied to the
mass at point x0 = (0, 0). Figure 8a illustrates the resulting architecture, where the orange
masses are defective and their size is plotted proportionally to their total mass. Positions
and mass perturbation values for each defect are listed in Appendix C.

A transient simulation provides a reference solution, with an analogous setup as discussed
in Sections 5.1.1 and 5.1.2. The maximum displacement amplitude during the transient
simulation as a function of position is shown in Fig. 8b.

The multiple scattering model solution for displacement amplitude is shown in Fig. 8c,
which is calculated in the same fashion as for the example in Section 5.1.2, except with 20
defects. A slice of the displacement amplitude along the line x2 = −5a is shown in Fig. 8d.
Again, there is close agreement between the transient simulation and the multiple scattering
model. Thus, the proposed scattering model shows promise as a tool for characterizing and
exploring the dynamics of disordered metamaterials.

Additionally, a broadband transient simulation was performed with the same parameters
as discussed in Section 5.1.1. In Fig. 9, the frequency response function amplitude is plotted
for both models at three spatial locations. Close agreement is again observed between the
multiple scattering model and transient simulation across frequencies, including in the near-
field (Fig. 7a), while the scattering solution loses accuracy approaching the caustic at ω =
2ω0.
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Figure 8: (a) Mass-spring example with 20 randomly placed defects. (b) Maximum displacement amplitude
during the transient simulation. (c) Displacement amplitude from the scattering model. (d) Displacement
amplitude along the x2 = −5a slice of plots (b) and (c).

5.2. Beam-based metamaterial
To move beyond the setting of mass-spring networks, we present examples studying an

architected material composed of elastic beams. A planar square lattice is considered, as
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Figure 10: (a) Periodic beam lattice. (b) The first out-of-plane dispersion surface and (c) its contribution to
the far-field lattice Green’s function amplitude for f = 40 kHz.

illustrated in Fig. 10a. For planar beam lattices, the lowest out-of-plane modes are decoupled
from the in-plane modes, allowing for the simplifications discussed in Section 3.1 to apply,
reducing the scattering problem to scalar waves in the out-of-plane displacement. However,
unlike the mass-spring network, this provides a physically realistic setting that can be realized
experimentally [39, 40].

The dispersion relations of the beam-based metamaterial are not analytically available
and they must be evaluated numerically. A finite element model of a unit cell is used to
compute dispersion relations of the perfectly periodic lattice, following the standard approach
presented in [47]. We model a unit cell with Timoshenko beam finite elements, which provide
an efficient model for beam-based architectures that reliably captures the lowest dispersion
branches. Alternatively, three-dimensional solid elements could be used to model a unit cell,
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Figure 11: (a) Beam lattice example with one defect, with the defective unit cell highlighted. In the
continuum setting, the defect is a square region of increased density, which is captured in the beam model
by modifying the density of a single element. (b) Maximum displacement amplitude during a transient finite
element simulation. (c) Displacement amplitude from the scattering model. (d) Displacement amplitude
along the x1 = −20a slice of plots (b) and (c).

trading computational efficiency for accuracy of the higher modes. As discussed in [39], the
lowest dispersion surfaces computed by Timoshenko beam element models agree closely with
solid element-based models and experiments.

In the subsequent examples, dimensions are considered to match the experimental setting
of [39]: the unit cell has side length a = 5 mm, the out-of-plane thickness is T = 1 mm,
and the width of the beams is b = 0.5 mm. Nominal material properties of aluminum
are used, with Young’s modulus E = 69 GPa, Poisson’s ratio ν = 1/3, and density ρ =
2700 kg/m3. Dispersion relations are computed using a Timoshenko beam element model
of a unit cell with maximum element length of a/10, which was found to be sufficiently
refined to accurately capture the lowest out-of-plane dispersion surface. All finite element
computations are performed using the ae108 code [48]. Fig. 10b shows the first out-of-plane
dispersion surface plotted on the first Brillouin zone and Fig. 10c plots the far-field lattice
Green’s function at 40 kHz.

To compute the far-field lattice Green’s function from Eq. (20), the group velocity as well
as the second derivatives of the dispersion surface with respect to the wave vector components
are needed. Before approaching the scattering problem, we pre-compute these derivatives on
a grid spanning the first Brillouin zone using finite differences. Then, when evaluating the
Green’s function at an arbitrary wave vector, the dispersion surface derivatives are obtained
by interpolation from the pre-computed values.
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5.2.1. Single defect
We first consider an example where the beam lattice has a single defect. The defect is

located at the point xs = (0, 5a) and has an added mass of m̂ = 2mu, where mu = 2abT is
the overall mass of one unit cell. The defect is defined as a square region of side length a/10
with constant density. Harmonic excitation of unit magnitude and frequency f = 40 kHz is
applied to the mass at point x0 = (0, 0) in the out-of-plane direction. The corresponding
beam lattice is illustrated in Fig. 11a.

To provide a reference for comparison, a transient dynamic finite element simulation
is performed on a finite domain. The transient simulation uses Timoshenko beam finite
elements with an element length of a/10 to mesh a domain of 100×100 unit cells. The defect
is modeled by increasing the density of a single element. Fig. 11a illustrates a continuum unit
cell with a square defect, as well as the corresponding beam element model. For excitation, a
harmonic out-of-plane displacement is applied to the node at the center of the domain, which
is taken as the origin. Displacement excitation is used because the alternative of applying
an out-of-plane harmonic force to a planar beam lattice initially at rest leads to significant
parasitic low-frequency content in the response [38]. Thus, displacement excitation provides a
cleaner reference for comparison to the scattering model. The transient response is computed
using Newmark-beta integration and the simulation is terminated before the wave hits the
boundaries to avoid reflections. The maximum out-of-plane displacement at each point
during the simulation is plotted in Fig. 11b.

The scattering model solution is computed by evaluating Eq. (33), which first requires
evaluation of G33 and I. To obtain G33, Eq. (20) is evaluated using the pre-computed disper-
sion relation and dispersion relation derivatives. To obtain the local perturbation method
integral I of Eq. (29), the procedure outlined in Appendix B is followed considering the
defect occupies a square region. The resulting displacement field predicted by the scattering
model is plotted in Fig. 11c. A slice of the maximum displacements along x1 = −20a is plot-
ted in Fig. 11d. The plotted displacements are normalized by the maximum displacement
amplitude in each respective model, denoted by u0.

The scattering model shows clear agreement with the transient simulation, capturing the
features of the scattered wave field. Similar to the mass-spring network examples, discrep-
ancies arise both due to the approximate nature of the scattering model and the fact that
the transient simulation contains frequency content beyond a single frequency.

5.2.2. Multiple defects
For the final example, we model a beam lattice with multiple defects. Five defects are

placed at points x1 = (−5a, 0), x2 = (−5a, 5a), x3 = (0, 5a), x4 = (5a, 5a), and x5 = (5a, 0),
each with added mass m̂i = 5mu. Harmonic out-of-plane excitation is applied to the origin
at f = 20 kHz. A transient simulation is performed for comparison, with the same setup as
in the example of Section 5.2.1. Transient simulation results are shown in Fig. 12b.

The multiple scattering solution is determined by first solving Eq. (40) for the displace-
ment at the defect locations, which are then used to evaluate Eq. (41). The quantities G33

and Ii are evaluated using the same process as described in Section 5.2.1. Fig. 12c shows the
displacement amplitudes predicted by the scattering model, closely matching the transient
simulation results. Finally, Fig. 12d compares the transient simulation and scattering model
along x2 = −20a, showing agreement between models.
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Figure 12: (a) Beam lattice example with 5 defects. (b) Maximum displacement amplitude during a transient
simulation. (c) Displacement amplitude from the scattering model. (d) Displacement amplitude along the
x1 = −20a slice of plots (b) and (c).

5.2.3. Computation time
The presented semi-analytical scattering model offers a computationally efficient means of

modeling defective periodic lattices. In the context of the beam-based metamaterial example
of Section 5.2.1 with a single defect, the scattering model took 5.9 seconds to compute the
displacement amplitude at 1600 points, on a 40×40 grid to produce Fig. 11c (excluding the
computation time to pre-compute the dispersion relations). In contrast, the transient finite
element model had 215,736 elements and took 18.0 minutes to run the simulation to produce
Fig. 11b. For the multiple scattering case of Section 5.2.2 took 10.8 seconds to run while
the FE model took 26.9 minutes, to produce Fig. 12c and b, respectively. We note that
the scattering model was implemented in Matlab, while the transient FE simulations were
performed in parallel in ae108, an open-source finite element code implemented in C++ [48].

In addition to its efficiency, the scattering model can be evaluated at a single point
independently (unlike the transient FE simulations requiring a large domain to be modeled).
This is particularly advantageous for inverse problems that concern the response at a small
number of points, an example of which is given in Section 6.

6. Inverse design

We demonstrate the utility of the presented scatting model in the context of an inverse
design problem. An optimization problem is considered for designing the magnitude of a
set of ns mass perturbations at fixed locations to maximize the displacement amplitude at
a prescribed point. The corresponding optimization problem takes the form

max
m̂

C (44)
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where

C =
1

2
|U3(xt)|2. (45)

The design variable m̂ = [m̂1, ..., m̂ns ] is a vector of mass perturbation magnitudes corre-
sponding to defects at a fixed set of locations xi with i = 1, ..., ns, and xt is the target point
at which we aim to maximize the displacement amplitude.

We specifically consider design of the mass-spring network studied in Section 5.1 with
64 defective masses located on a regular grid spanning x1 = ±14a and x2 = ±14a, which
correspond to the orange masses in Fig. 13a. An excitation frequency of ω = ω0 is considered,
and bounds are placed on the design variables such that −0.8 ≤ m̂i/m ≤ 5. The target point
at which we aim to maximize amplitude is xt = (0, 25a).

Gradient-based optimization is used to compute an optimal design. The gradient of the
cost function with respect from the design variable, dC/ dm̂, is analytically available by
differentiating Eq. (41) evaluated at xt. We use the NLopt implementation [49] of the L-
BFGS algorithm [50] to perform the optimization. Since this is a nonconvex optimization
problem, there is no guarantee the presented solution is a global minimum. However, we
found that local gradient-based optimization was sufficient to find interesting solutions clearly
demonstrating the objective of the inverse problem.

Fig. 13a shows the mass distribution of the optimal solution, where the plotted size
of each defective mass is proportional to its overall mass m + m̂i. The full-field solution
corresponding to the optimal design is shown in Fig. 13b and c, which are computed based
a transient simulation and the scattering model, respectively. The solution demonstrates
strong wave beaming toward the target point xt. Meanwhile, the displacements remain
small in all other regions outside of the grid of defects, as the defects redirect as much
energy as possible toward the target point.

This example demonstrates that defect engineering is a powerful means of tailoring wave
propagation in metamaterials. However, we only scratch the surface of a vast design space of
defects. We anticipate the computational tools presented in this paper will enable exploration
of further regions of this design space to uncover new wave manipulation functionalities.
Recent research on inverse scatterer design has explored objectives such as wave field design
[51] and frequency dependent focusing [52] in the context of homogeneous elastic plates with
embedded scatterers (as opposed to the periodic lattices with embedded scatterers studied
here). Thus, future work could pursue a wide range of design objectives for the defective
periodic lattice case, with potential for introducing additional design freedom since the unit
cell of the periodic background material can be arbitrarily defined in our modeling framework.

7. Conclusion

We have presented a semi-analytical multiple scattering formulation for elastic wave
propagation in periodic materials with defects. Unlike typical multiple scattering models, we
consider the background material to be a periodic elastic lattice rather than a homogeneous
material, which allows for a wide range of metamaterial architectures to be considered.
Furthermore, the defects may be of arbitrary magnitude and shape; we only assume that
their length scale is small relative to the wavelength.
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Figure 13: Inverse design of a set of defective masses in a mass-spring network. (a) Optimal solution, where
the defective masses are plotted in orange with their size proportional to their overall mass. (b) Maximum
displacement amplitude during a transient simulation of the optimal design. (c) Displacement amplitude of
the optimal design computed using the scattering model.

The basis for this framework is the lattice Green’s function evaluated asymptotically in
the far field. By expressing the Green’s function in terms of a Bloch mode expansion, the
results apply generally to cases when the dispersion relations are available either analytically
or numerically. Based on the Green’s function, a scattering model is formulated under the
assumption that defects are small relative to the wavelengths of interest; under this assump-
tion, the local perturbation method enables straightforward evaluation of the scattered wave
field. The resulting scattering model provides an efficient tool for computing the far-field
response of wave scattering due to localized, but arbitrary magnitude defects in a metamate-
rial. We demonstrated close agreement between the scattering model and transient dynamic
simulations in the setting of a mass-spring network and a beam-based metamaterial.

A key appeal of the proposed approach is that extremely complex geometries are effi-
ciently modeled, such as metamaterial architectures with complicated unit cells and ran-
domly distributed defects. It therefore lays a foundation for approaching inverse problems
that cannot be solved with inefficient high-fidelity simulations (e.g., the transient finite ele-
ment modeling used for comparison in this work). We demonstrate the inverse design of a
set of defects in a mass-spring network to guide the wave emanating from a point excitation
along one direction, providing an example of defect engineering for wave manipulation. Fu-
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ture research developing extensions of this modeling framework to alternative defect types,
such as perturbations to the geometry and constitutive model, would make progress toward
tackling novel inverse problems from defect engineering to damage detection.

Appendix A. Local perturbation method for the general 3D case

To motivate the examples of Section 5 and simplify notation, the main text focuses on
the case when out-of-plane deformation is decoupled from in-plane deformation. This results
in simplified scalar equations for the scattering analysis, while still capturing a physically
realistic problem setting. For completeness, this appendix outlines the local perturbation
method for a single scatterer in the general case when out-of-plane deformation is not de-
coupled from in-plane deformation. Additionally, we consider forcing F (x) in an arbitrary
direction, resulting in vector-valued waves in the displacement field.

Starting from general solution in terms of the Green’s function of Eq. (24), applying the
local perturbation method assumption of Eq. (26) results in

Un(x) =

∫

Rd

Gni(x− x′)Fi(x
′)dx′ + ω2Ui(xs)

∫

Rd

Gni(x− x′)ρ̂(x′)dx′. (A.1)

Evaluating the displacement at the defect location xs yields

Un(xs) =

∫

Rd

Gni(xs − x′)Fi(x
′)dx′ + Ui(xs)Ini (A.2)

where

Ini = ω2

∫

Rd

Gni(xs − x′)ρ̂(x′)dx′. (A.3)

For a given forcing, Eq. (A.2) is a linear system of equations with the unknowns being the
displacement components at the defect location, which takes the form

(δni − Ini)Ui(xx) =

∫

Rd

Gni(xs − x′)Fi(x
′)dx′. (A.4)

Upon solving this linear system for U(xs), one can proceed with the scattering analysis by
inserting the solution into Eq. (A.1). When evaluating at a point x that is away from xs,
the local perturbation approximation applies again to the final term in Eq. (A.1) allowing
Gni(x− xs) to be taken out of the integral, leading to

Un(x) =

∫

Rd

Gni(x− x′)Fi(x
′)dx′ + ω2Ui(xs)m̂Gni(x− xs). (A.5)

This is a generalized form of Eq. (33) for the three-dimensional case with arbitrary forcing,
which is valid when evaluated away from xs.
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Appendix B. Evaluation of the 2D local perturbation integral

In this appendix, we evaluate the integral denoted I that results from the local pertur-
bation method, which is defined in Eq. (29). Evaluating I involves integrating the perturba-
tion density multiplied by the Green’s function, which is necessary for computing scattered
displacement field. We present a semi-analytical approach for the evaluation of I in the
two-dimensional case. In polar coordinates, the radial integral can be analytically evaluated,
leaving a one-dimensional integral over the angular coordinate to be evaluated numerically.

First, we convert I to polar coordinates r = (r, θ) with the origin taken as point xs

within the defect. Converting I of Eq. (29) to polar coordinates leads to

I = ω2

∫ 2π

0

∫ ∞

0

G33(r)ρ̂(r)rdrdθ. (B.1)

We consider a perturbation density of the form

ρ̂(r) =

{
ρ̄, r ≤ R(θ)

0, else
(B.2)

where ρ̄ is a constant areal density inside the finite region enclosed by R(θ), which defines
the shape of the defect. Thus, the overall mass of the perturbation is m̂ = ρ̄A, where A is
the area enclosed by R(θ), corresponding to the area of the defect.

Before rewriting G33(x
′ − xs) in polar coordinates, we first simplify notation by express-

ing the quantity Z of Eq. (21) as

Z = (x′ − xs) ·w (B.3)

where w is defined as

wi = ϵji
∂2ω

∂kj∂kl
ϵlmVm. (B.4)

The two-dimensional Levi-Civita symbol is denoted ϵ, with components ϵ11 = ϵ22 = 0
and ϵ12 = −ϵ21 = 1. Rewriting the far-field lattice Green’s function of Eq. (20) in polar
coordinates and using the notation of Eq. (B.3), we obtain

G33(r) =
i|Ω|ψ∗

03ψ3 exp
[
−iπ

4
sgn(w1 cos θ + w2 sin θ)

]
exp [ir(k1 cos θ + k2 sin θ)]

2ω
√
2πr
√
|w1 cos θ + w2 sin θ|

(B.5)

where ψ03 is the e3-component of the mode shape evaluated at the origin. The wave vector
k corresponding to a stationary point, from Eq. (22), only varies with θ and is independent
of the radial coordinate. Therefore, upon inserting Eq. (B.5) into (B.1), I takes the form

I =
iω|Ω|ψ∗

03ψ03m̂

2A
√
2π

∫ 2π

0

∫ R(θ)

0

√
reirf1(θ)f2(θ)drdθ. (B.6)
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To obtain Eq. (B.6), the mode shape is assumed to be constant over the defect area since
the corresponding wavelength is assumed to be much larger than the defect. The functions
f1(θ) and f2(θ) are defined as

f1(θ) = k1 cos θ + k2 sin θ (B.7)

f2(θ) =
exp

[
−iπ

4
sgn(w1 cos θ + w2 sin θ)

]
√

|w1 cos θ + w2 sin θ|
. (B.8)

We denote the inner integral over r in Eq. (B.6) as Ir, which is only dependent on θ, such
that

I =
iω|Ω|ψ∗

03ψ03m̂

2A
√
2π

∫ 2π

0

Ir(θ)dθ. (B.9)

Analytical evaluation of Ir leads to

Ir =
f2
2
f1

− 5
2

(
− 2i

√
R cos (Rf1) f1

3
2 + 2

√
R sin (Rf1) f1

3
2 + iC

[√
2Rf1
π

]
√
2πf1

−
√
2πS

[√
2Rf1
π

]
f1

) (B.10)

where C [·] and S [·] are the Fresnel cosine integral function and the Fresnel sine integral
function, respectively.

With Ir written entirely of known quantities dependent only on θ, what remains is to
evaluate the one-dimensional integral of Eq. (B.9) over θ. In the examples of the main
text, we numerically integrate Eq. (B.9) using trapezoidal integration as the final step in
evaluating I.
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Appendix C. Disorder example parameters

Table C.1: Randomly selected defect parameters for the example in Section 5.1.3.

x1/a x2/a m̂/m
9 3 1.9392
7 9 0.3166
12 9 -0.6666
3 2 -0.2258
3 10 0.2262
2 7 0.7847
12 10 -0.2134
3 4 0.8085
11 2 1.1336
7 2 -0.3348
12 5 -0.6477
7 1 -0.1100
10 11 -0.0437
8 14 0.2725
13 10 0.5236
8 7 -0.7435
9 7 -0.2126
11 15 1.4030
3 5 -0.9123
1 6 1.7866
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